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Nonlocality is one unique property of quantum mechanics differing from classical world. One of its quan-
tifications can be properly described as the maximum global effect caused by locally invariant measurements,
termed as measurement-induced nonlocality (MIN) (2011 Phys. Rev. Lett. 106 120401). Here, we propose to
quantify the MIN by the trace norm. We show explicitly that this measure is monotonically decreasing under
the action of completely positive trace-preserving map, which is the general local quantum operation, on the
unmeasured party for the bipartite state. This property avoids the undesirable characteristic appearing in the
known measure of MIN defined by the Hilbert-Schmidt norm that may be increased or decreased by trivial local
reversible operations on the unmeasured party. We obtain analytical formulas of the trace-norm MIN for any
2×n dimensional pure state, two-qubit state, and certain high-dimensional states. As other quantum correlation
measures, the new defined MIN can be directly applied to various models for physical interpretations.
PACS numbers: 03.65.Ud, 03.65.Ta, 03.67.Mn
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I. INTRODUCTION
Quantum physics differs in many aspects from our conven-
tional intuition. One of such intriguing difference is the cele-
brated notion of nonlocality, which arises from the debate of
the early 20th century among scientists. One line of the debate
originated with Einstein, Podolsky, and Rosen, who proposed
the thought experiment known as EPR paradox and the so-
called “spooky-action-at-a-distance” [1]. Their predictions of
quantum mechanics are, in sharp contrast to the conventional
view, that physical processes should obey the principle of lo-
cality.
Nonlocality of quantum physics has been studied from dif-
ferent points of view, such as by Bell inequality and entangle-
ment. The Bell-type inequalities [2–4] are derived by the local
hidden variable theory, and may be violated by the quantum
measurement outcomes realizable experimentally [5]. The vi-
olation of Bell inequalities implies the existence of entangle-
ment in a system [3], however, this is not always true for the
opposite case, as there exist mixed states that are entangled
but do not violate any Bell-type inequalities [6]. Other studies
further consolidate that there is also nonlocality without en-
tanglement [7], or nonlocality without quantum correlations
other than entanglement [8]. So nonlocality seems can be
quantified reasonably by different measures.
Nowadays, we realized that nonlocality is not only a cen-
tral concept of quantum mechanics, but may also be used to
improve the efficiency of many quantum information process-
ing (QIP) tasks [9, 10]. Meanwhile, it is also interrelated with
other foundational theory of quantum mechanics such as un-
certainty principle [11]. These delicate and intriguing features
of nonlocality prompted a huge surge of people’s interest from
the quantum physics community, with notable progresses be-
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ing achieved in the past few years [12–15].
Apart from the traditional line for quantum nonlocality re-
lated to entanglement or Bell inequalities, it is also signifi-
cant to investigate it from other perspectives. Recently, Luo
and Fu [16] presented a new measure of nonlocality which
they termed as measurement-induced nonlocality (MIN) mo-
tivated by the definition of quantum discord [17, 18]. As the
name itself indicates, the MIN characterizes nonlocality from
a measurement perspective, and thus is different from other
nonlocality measures. It is a manifestation of the global dis-
turbance to the overall state of a system caused by the locally
non-disturbing measurement on one subsystem, and can also
be considered as one kind of nonclassical correlation measure
different from entanglement and quantum discord.
II. MIN QUANTIFIED BY HILBERT-SCHMIDT NORM
The MIN has been one of current research focuses for years
[19–27]. However, its quantification based on the Hilbert-
Schmidt norm (we call it conventional MIN for brevity), while
intuitively appealing and conceptually significant, has certain
discouraging properties. To see this explicitly, we recall its
definition, which reads [16]
N2(ρAB) = max
ΠA
||ρAB −ΠA(ρAB)||22, (1)
for a bipartite state ρAB in HAB . Here, ||X ||2 =
√
Tr(X†X)
denotes the Hilbert-Schmidt norm, and the maximum is taken
over the full set of local projective measurementsΠA = {ΠAk }
that keep the reduced state ρA = TrBρAB invariant, namely,∑
k Π
A
k ρAΠ
A
k = ρA. An analytical formula of the conven-
tional MIN for any 2 × n dimensional state ρAB can be ob-
tained [16]. Here, we argue that the conventional MIN in
Eq. (1), despite being favored for its convenience of calcu-
lation, may has certain undesirable properties. More specifi-
cally, we will show that it can increase or decrease under triv-
ial local reversible operations on the unmeasured subsystem
2B of ρAB . Consider, for instance, a channel ΓB acting as
ΓB(ρAB) = ρAB ⊗ ρC (i.e., it introduces a local ancilla to
B), then by making use of the multiplicativity of the Schat-
ten p-norm (which reduces to the Hilbert-Schmidt norm when
p = 2) under tensor products, we obtain
N2(ρA:BC) = N2(ρAB)Trρ2C . (2)
This equality means that N2(ρA:BC) ≤ N2(ρAB) as the pu-
rity of a state is no larger than one, Trρ2C ≤ 1. Particularly, if
ρC = In/n with In being the n-dimensional identity operator,
we obtain N2(ρA:BC) = N2(ρAB)/n. Then N2(ρA:BC) will
approach zero when n takes the limit of infinity. This behavior
differs completely from our intuition that the nonlocal proper-
ties of a system should not be affected by trivially adding or
removing an uncorrelated local ancillary state.
We remark here that the above perplexity is reminiscent
of the phenomena encountered for the geometric measure of
quantum discord (GQD) [28–31]. In that case, several well-
defined measures of GQD have been introduced to remedy
this problem [32–36].
III. MIN BASED ON THE TRACE NORM
Motivated by the proposition for modifying GQD via trace
norm [34], we propose to define the MIN for a bipartite state
ρAB as
N1(ρAB) = max
ΠA
||ρAB −ΠA(ρAB)||1, (3)
where ||X ||1 = Tr
√
X†X , and ΠA denotes still the projective
measurements that satisfy ΠA(ρA) = ρA. We call N1(ρAB)
the trace MIN hereafter. The physical interpretation of this
new nonlocality measure can still be presented as the maximal
global effect, or more explicitly, the maximal trace distance
that the postmeasurement state ΠA(ρAB) departs from its pre-
measurement state ρAB , caused by locally invariant measure-
ments.
The nonlocality measure defined above can circumvent the
problem occurred for the conventional MIN as implied by
Eq. (2). Explicitly, let us repeat the analysis by adding an
uncorrelated ancilla when the new definition is used, then
N1(ρA:BC) = N1(ρAB) due to the normalization condition
TrρC = 1. Therefore, N1(ρAB) does not increase under the
action of ΓB , namely, it is unaffected by adding or removing
a factorized local ancilla on the unmeasured party. Here, we
further show a more general and powerful result related to the
trace MIN in Eq. (3).
Theorem 1. The trace MIN N1(ρAB) defined in Eq. (3)
is nonincreasing under the action of any completely positive
trace-preserving (CPTP) channel EB on the unmeasured party
B, i.e., we always have
N1(ρAB) > N1[EB(ρAB)]. (4)
Proof. Let EB be an arbitrary CPTP channel acting on party
B of ρAB , and {Π˜Ak } be the optimal projection-valued mea-
surement on party A that maximizes the trace norm on the
right-hand side of Eq. (3) for N1[EB(ρAB)], namely,
N1[EB(ρAB)] = ||EB(ρAB)− Π˜A[EB(ρAB)]||1, (5)
then, by noting that any local channel on party B and
the measurement made on party A commute, we obtain
Π˜A[EB(ρAB)] = EB[Π˜A(ρAB)], and therefore, by denoting
Π¯A (note that Π¯A 6= Π˜A in general) the optimal measurement
for obtaining N1(ρAB), we have
N1(ρAB) = ||ρAB − Π¯A(ρAB)||1
> ||ρAB − Π˜A(ρAB)||1
> ||EB(ρAB)− EB[Π˜A(ρAB)]||1
= N1[EB(ρAB)], (6)
where the first inequality comes from the fact that Π˜A(ρAB)
is not necessarily the optimal state to ρAB , and the second
inequality is due to the contractivity of the trace norm under
CPTP map (Theorem 9.2 of Ref. [37]). This completes the
proof. 
The above theorem means that no physical process on B
can increase the maximum trace distance between a state ρAB
and its postmeasurement state ΠA(ρAB) obtained after the lo-
cally invariant measurements on party A, and therefore it cir-
cumvents successfully the problem occurred for the conven-
tional MIN.
We now list some other basic properties of the trace MIN.
(i) N1(ρAB) = 0 for all the product states ρAB = ρA ⊗ ρB ,
and the classical-quantum states ρAB =
∑
k pkΠ
A
k ⊗ ρBk with
nondegenerate ρA =
∑
k pkΠ
A
k . (ii) N1(ρAB) is invariant un-
der locally unitary operation U = VA ⊗WB on ρAB , namely,
N1(UρABU
†) = N1(ρAB), which is obvious as the trace
norm is preserved under unitary transformations [37].
The proposed trace MIN can be used to detect the effect of
a locally invariant measurement on the overall state of a sys-
tem, and the zero trace MIN implies that the state of the sys-
tem cannot be disturbed by any locally invariant measurement,
namely, the measurement of one subsystem cannot determine
the corresponding result of a measurement of the other, and
therefore this system obeys the principle of locality. More-
over, from the basic properties listed above, one can note that
while any entangled or discordant state possess nonvanishing
trace MIN, there also exist states with nonvanishing trace MIN
but do not produce correlations of entanglement or discord.
Therefore, the trace MIN is an important complementary to,
but different from, entanglement and quantum discord.
IV. ANALYTICAL FORMULAS OF THE TRACE MIN
The maximization in Eq. (3) over the full set of locally
invariant measurements on partyA can be obtained for certain
family of states, and in turn the trace MIN can be evaluated
analytically. We present them via the following theorems.
Theorem 2. For any 2 × n dimensional pure state |ψ〉 with
the Schmidt decomposition |ψ〉 = ∑2k=1√λk|φAk 〉 ⊗ |φBk 〉,
the trace MIN is given by
N1(|ψ〉〈ψ|) = 2
√
λ1λ2. (7)
3Proof. We denote ρψ = |ψ〉〈ψ|, and ρψA = TrBρψ for sim-
plicity, then if ρψA is nondegenerate, the optimal measurement
Π˜Ak = |φAk 〉〈φAk |, and we have
Π˜A(ρψ) =
2∑
k=1
λk|φAk 〉〈φAk | ⊗ |φBk 〉〈φBk |, (8)
therefore
ρψ − Π˜A(ρψ) =
√
λ1λ2(|φA1 〉〈φA2 | ⊗ |φB1 〉〈φB2 |
+|φA2 〉〈φA1 | ⊗ |φB2 〉〈φB1 |), (9)
the singular values of which can be obtained as ǫ1,2 =
√
λ1λ2,
and thus
N1(ρ
ψ) = 2
√
λ1λ2. (10)
If ρψA is degenerate (i.e., λ1,2 = 1/2), assuming the optimal
locally invariant measurement to be Π˜Ak = |k˜〉〈k˜|, with
|k˜〉 = ak1 |φA1 〉+ ak2 |φA2 〉, (11)
then as one can always find a unitary operator UA such that
UA|φAk 〉 = |k˜〉, and as N1(ρψ) is locally unitary invariant, we
obtain N1(ρψ) = 1 after a similar analysis as that performed
for the nondegenerate case, and this completes our proof. 
As the entanglement of formation (EoF) for |ψ〉 was given
by Ef = −
∑2
k=1 λk log2 λk [38], the above theorem implies
that N1(|ψ〉〈ψ|) constitutes an entanglement monotone. But
this is not the case for general states. Moreover, one can derive
N1(|ψ〉〈ψ|) =
√
2N2(|ψ〉〈ψ|), which means that for this spe-
cial case, both N1(|ψ〉〈ψ|) and N2(|ψ〉〈ψ|) give qualitatively
the same characterizations of nonlocality.
For generalm×n dimensional pure state in the Schmidt ex-
pression |Ψ〉 =∑dk=1√λk|φAk 〉⊗|φBk 〉with d = min{m,n},
and ρΨ = |Ψ〉〈Ψ|, we have
ρΨ − Π˜A(ρΨ) =
∑
i6=j
√
λiλj |φAi 〉〈φAj | ⊗ |φBi 〉〈φBj |, (12)
when ρΨA = TrBρΨ is nondegenerate, but a closed form of its
singular values cannot be derived for m > 3, and in turn it is
difficult to obtain an analytical formula of N1(ρΨ). For the
degenerate ρΨA, an analysis similar as that for m = 2 yields
N1(ρ
Ψ) = 2(m− 1)/m.
Now, we calculate the trace MIN for a general two-qubit
state τAB , which has been proved to be locally unitary equiv-
alent to ρAB of the following form [39]
ρAB =
1
4
(
I2⊗I2+~x·~σ⊗I2+I2⊗~y·~σ+
3∑
i=1
ciσi⊗σi
)
, (13)
where the vectors ~x = (x1, x2, x3), ~y = (y1, y2, y3), and xi =
TrρAB(σi ⊗ I2), yi = TrρAB(I2⊗ σi), ci = TrρAB(σi ⊗σi),
and σ1,2,3 are the three Pauli operators.
The local unitary invariance of the trace MIN enables
N1(τAB) = N1(ρAB), and therefore it suffices to consider
the representative family of states ρAB in Eq. (13), for which
N1(ρAB) can be evaluated analytically.
Theorem 3. For any two-qubit state of the form of Eq. (13),
the trace MIN can be obtained as
N1(ρAB) =


√
χ+ +
√
χ−
2||~x||1 if ~x 6= 0,
max{|c1|, |c2|, |c3|} if ~x = 0,
(14)
where χ± = α± 2
√
β||~x||1, with α = ||~c||21||~x||21−
∑
i c
2
i x
2
i ,
~c = (c1, c2, c3), β =
∑
〈ijk〉 x
2
i c
2
jc
2
k, and the summation runs
over all the cyclic permutations of {1, 2, 3}.
Proof. If ρA = (I2 + ~x · ~σ)/2 is nondegenerate, that is,
if ~x 6= 0, then the unique projective measurement leaving ρA
invariant is induced by its spectral resolutions
Π˜A1,2 =
1
2
(
I2 ± ~x · ~σ||~x||1
)
. (15)
Thus we have [14]
Π˜A(ρAB) =
1
4
(
I2 ⊗ I2 + ~x · ~σ ⊗ I2 + I2 ⊗ ~y · ~σ
+
~x · ~σ
||~x||21
⊗
3∑
i=1
cixiσi
)
, (16)
and therefore
ρAB − Π˜A(ρAB) = 1
4
( 3∑
i=1
ciσi ⊗ σi
− ~x · ~σ||~x||21
⊗
3∑
i=1
cixiσi
)
. (17)
After a straightforward algebra, one can obtain the singular
values of ρAB − Π˜A(ρAB) as
ε1,2 =
√
χ+
4||x||1 , ε3,4 =
√
χ−
4||x||1 , (18)
with χ± being given below Eq. (14), and therefore
N1(ρAB) =
√
χ+ +
√
χ−
2||~x||1 . (19)
If ρA is degenerate, i.e., ~x = 0, then by adopting the similar
lines as in Ref. [35], one can obtain
N1(ρAB) =
1
2
√
2max
eˆ
h(eˆ), (20)
with eˆ = (sin θ cosφ, sin θ sinφ, cos θ) being a unit vector in
R3. By further ordering the singular values of the correlation
tensor R = diag{c1, c2, c3} as c+ > c0 > c−, we have [35]
h(eˆ) = Q+
√
H, (21)
where Q and H are given by
Q = c2+ + c
2
0 − sin2 θ
[
c20 − c2− + cos2 φ(c2+ − c20)
]
,
H = A(θ) sin4 φ+B(θ) sin2 φ+ C(θ), (22)
4FIG. 1: (Color online) Surfaces of constant trace MIN N1(ρBD) =
0.45 (a), and valid (c1, c2, c3) (the color shaded regions) for which
N1(ρ
BD) is not destroyed by the phase flip noise (b).
with the θ-dependent functions A(θ), B(θ), and C(θ) (note
that there is a misprint in [35], γ22 + γ23 in the expression for
C(θ) should be γ23 − γ22 ) being given by
A(θ) = sin4 θ(c2+ − c20)2,
B(θ) = 2(c2+ − c20)[sin2 θ(c2+ + c20 − 2c2−)
− sin4 θ(c2+ − c2−)],
C(θ) = [c2+ − c20 − sin2 θ(c2+ − c2−)]2. (23)
By combining Eqs. (22) and (23), one can note that both Q
and H reach their maxima when φ = π/2, for which
Qmax = c
2
+ + c
2
0 − sin2 θ(c20 − c2−),
Hmax = [c
2
+ − c20 + sin2 θ(c20 − c2−)]2. (24)
Therefore, we have maxeˆ h(eˆ) = 2c2+, and thus
N1(ρAB) = c+. (25)
This completes our proof. 
We would like to point out here that for the two-qubit ρAB
with nondegenerate ρA, the calculation of the trace MIN can
also be performed in a similar manner as that for the degener-
ate case. But now the expression for h(eˆ) in Eq. (21) is more
complicated (see Eq. [31] in Ref. [35] for more detail), and
therefore we adopted the procedure listed above as the optimal
{Π˜A1,2} can be written explicitly for this case.
In Fig. 1(a), we presented an exemplified plot of the level
surfaces of N1(ρBD) = 0.45 for the Bell-diagonal states ρBD
[i.e., ~x = 0 and ~y = 0 in Eq. (13)]. As physical (c1, c2, c3)
belongs to a tetrahedron T (see Fig. 1), and N1(ρBD) =
max{|c1|, |c2|, |c3|}, the surfaces of constant trace MIN cor-
respond to the cross sections of the six surfaces of a cube C of
side length N1(ρBD) with T . When N1(ρBD) ≤ 1/3, the sur-
faces of C are also the surfaces of constant trace MIN, while
for N1(ρBD) > 1/3, partial of them are cut by the four sur-
faces of T .
By denoting c+, c0, and c− the maximum, intermediate,
and minimum values of {|c1|, |c2|, |c3|}, respectively, one can
derive a relation between N1(ρBD) and N2(ρBD) = (c2+ +
c20)/4 for the Bell-diagonal states ρBD as
N1(ρ
BD) =
√
4N2(ρBD)− c20. (26)
This implies that the two different MIN measures may im-
pose different orderings of nonlocality, as when c+ keeps un-
changed, N1(ρBD) also keeps unchanged, while N2(ρBD) in-
creases (decreases) with the increasing (decreasing) value of
c0 in the region of c− 6 c0 6 c+. Thus there is no one-
to-one correspondence between the well-defined trace MIN
and the conventional MIN in general, and we hope this sim-
ple example may provide some intuition about the subtle issue
concerning the appropriateness of using the Hilbert-Schmidt
norm as a distance for quantifying nonlocality, just as the ap-
propriateness of using it for defining GQD [30].
Moreover, it is also worthwhile to point out that when ρBD
being subject to the $(i) channel (with i = 1, 2, 3 represent-
ing respectively, the bit flip, bit-phase flip, and phase flip
channels), we have ci(t) = ci(0), and cj,k(t) = cj,k(0)p(t)
(i 6= j 6= k), where p(t) = e−γt for the one-sided channel
$(i) ⊗ I2 or I2 ⊗ $(i), and p(t) = e−2γt for the two-sided
channel $(i) ⊗ $(i), with γ being the decay rate. As a conse-
quence, if |ci(0)| = max{|ci(0)|, |cj(0)|, |ck(0)|} at the ini-
tial time, we obtain N1[$(i)(ρBD)] = |ci(0)| by Eq. (14),
which is not destroyed by the $(i) noise during the whole time
region. This is in sharp contrast to other nonclassical corre-
lation measures which remain constant only for a finite time
interval [40]. This unique and novel characteristic of the trace
MIN is not only conceptually significant, but is also appealing
for potential quantum algorithms relying on it.
Fig. 1(b) plots the valid regions of (c1, c2, c3) for which
N1(ρ
BD) can evade the detrimental effects of the phase flip
channel. They belong to two hexahedra with vertices (0, 0, 0),
(±1,∓1, 1), (±1/3,±1/3, 1/3), and (0, 0, 0), (±1,±1,−1),
(±1/3,∓1/3,−1/3), respectively. The results for the bit (bit-
phase) flip channel is similar, with c3 replacing c1 (c2).
So far we have obtained analytical formulas of the trace
MIN for any 2× n dimensional pure state and a general two-
qubit state, and discussed several interesting implications of
them. We now turn to consider two high-dimensional states
with symmetry. The analytical expressions of some quantum
correlation measures (see Ref. [41] for a review) for them
have already been obtained [29, 33, 42, 43].
Consider first the celebrated Werner state on Cd ⊗ Cd [6],
which can be written as
ρW =
d− x
d3 − d Id2 +
dx− 1
d3 − d
∑
i,j
|ij〉〈ji|, x ∈ [−1, 1], (27)
which admits the local unitary invariance, i.e., ρW = (U ⊗
U)ρW (U †⊗U †) for any local unitary operationU , and there-
fore one can choose the optimal measurement basis to be
Π˜Ai = |i〉〈i|, which yields
ρW − Π˜A(ρW ) = dx− 1
d3 − d
∑
i6=j
|ij〉〈ji|. (28)
As
∑
i6=j |ij〉〈ji| constitutes a permutation matrix (a binary
matrix with exactly one entry 1 in each row and each column
and zeros elsewhere), the singular values of ρW − Π˜A(ρW )
can be evaluated directly as |dx−1|/(d3−d) with multiplicity
5d(d− 1). Then, by the definition (3) we obtain
N1(ρ
W ) =
|dx− 1|
d+ 1
, (29)
therefore N1(ρW ) vanishes only when x = 1/d, and it im-
plies that for the present case, the trace MIN disappears only
when ρW reduces to the maximally mixed one. Meanwhile,
the conventional MIN for ρW had also been derived analyti-
cally [14], from which we obtain
N1(ρ
W ) =
√
d(d− 1)N2(ρW ). (30)
This means that both N1 and N2 give qualitatively the same
descriptions of nonlocality for ρW with finite d. But it should
be note that their asymptotic behaviors are different because
limd→∞N1(ρW ) = |x|, and limd→∞N2(ρW ) = 0.
The second high-dimensional state we want to consider is
the d× d dimensional isotropic state expressed as follows
ρI =
1− x
d2 − 1 Id2 +
d2x− 1
d2 − 1 |Φ〉〈Φ|, x ∈ [0, 1], (31)
with |Φ〉 = 1√
d
∑
i |ii〉, and |i〉 denotes the computational ba-
sis on Cd. For this state, let Π˜Ak = |k˜〉〈k˜| be the measurement
basis that maximizes the trace norm in Eq. (3), then due to the
symmetry of |Φ〉, one can always find local unitary operation
U such that (U ⊗U)|Φ〉 = 1√
d
∑
k |k˜k˜〉, and the local unitary
invariance ofN1 enablesN1(ρI) = N1[(U⊗U)ρI(U †⊗U †)].
Therefore, by denoting ρIU = (U⊗U)ρI(U †⊗U †), we obtain
ρIU − Π˜A(ρIU ) =
d2x− 1
d(d2 − 1)
∑
k 6=l
|k˜k˜〉〈l˜l˜|, (32)
the singular values of which can be evaluated analytically as
|d2x− 1|/(d2+ d) with multiplicity 1 and |d2x− 1|/(d3− d)
with multiplicity d− 1, and this yields
N1(ρ
I) =
2|d2x− 1|
d(d+ 1)
. (33)
Here, the trace MIN N1(ρI) = 0 only when x = 1/d2,
namely, when ρI comes to be maximally mixed. Moreover,
the analytical expression for the conventional MIN can be ob-
tained from Ref. [14], by combining of which we obtain
N1(ρ
I) = 2
√
(d− 1)N2(ρI)
d
. (34)
Their asymptotic values are given by limd→∞N1(ρI) = 2x,
and limd→∞N2(ρI) = x2, respectively. It implies that the
two MIN measures still give qualitatively the same character-
izations of nonlocality for the isotropic state. Moreover, it is
remarkable that for the special case x = 1, i.e., when ρI re-
duces to the maximally entangled state, we have N1(ρI) =
2(d− 1)/d, which is just twice that of the conventional MIN.
V. SUMMARY AND DISCUSSION
To summarize, we have introduced a well-defined measure
of nonlocality by making using of the trace norm. It can rem-
edy the undesirable property of the conventional MIN which
can be changed arbitrarily and reversibly by trivial local ac-
tion on the subsystem. We proved explicitly that the proposed
trace MIN is nonincreasing under the action of general CPTP
quantum channels on the unmeasured subsystem. This prop-
erty has by itself a conceptual significance, as it has already
been proved that the Schatten 1-norm (trace norm) is the only
p-norm that can be used to give a well-defined quantum cor-
relation measure [34]. Here, the fascinating properties of the
trace MIN show again the ubiquitousness and intrinsic signif-
icance of the Schatten 1-norm for defining MIN. We hope this
may shed some new light on the issue concerning the char-
acterization and quantification of nonlocality from a measure-
ment perspective.
We have also presented analytical formulas of the trace
MIN for any 2× n dimensional pure state, two-qubit state, as
well as the Werner states and the isotropic states on Cd ⊗ Cd
which possess high symmetry. We revealed through these re-
sults that the trace MIN captures the nonlocal property of a
system more intrinsically than that of the conventional MIN.
Moreover, we revealed a unique and appealing characteris-
tic of this new proposed nonlocality measure, namely, it can
evade the detrimental effects of certain noisy channels during
the whole time region for elaborately designed initial states.
This may have potential applications in QIP for its coherence
protecting property.
We remark that the entropic measure of MIN based on the
von Neumann entropy [19], or its equivalent form based on
the relative entropy [20], is also monotonically decreasing due
to the monotonicity of the quantum mutual information under
channels on B (see Ref. [30] for a detailed proof). More-
over, it has already been pointed out that one can remedy the
MIN via the square root of the considered density matrix [33].
Here, we mention that it is also natural to define the MIN as
NB(ρAB) = 2max
ΠA
{1−
√
F [ρAB,ΠA(ρAB)]}, (35)
via the Bures distance [36], with ΠA being the locally invari-
ant measurement and F (ρ, σ) = [Tr(√ρσ√ρ)1/2]2 denotes
the Uhlmann fidelity. By using the monotonicity of the Bures
distance [37] and after a similar analysis as that for proving
Theorem 1, one can show directly that NB is also nonincreas-
ing under general CPTP channels. But its evaluation may be
intractable and further investigation is needed. Thus the mea-
sure presented in this paper may be widely used for its concise
and simple form.
The significance for this computable measure of the trace
MIN in QIP can be studied parallel as that of quantum en-
tanglement and quantum discord, see reviews [9, 41]. Ad-
ditionally, it may be applied as a new technique to various
models to study physical phenomena such as quantum phase
transitions, topologies of those systems, similar as the applica-
tions of entanglement, see for example [44–46]. Moreover, as
nonlocality is quantitatively related with Heisenberg’s uncer-
6tainty principle [11], which provides the basis for the security
of quantum cryptography [47], the obvious physical signifi-
cance of the trace MIN and its convenience of calculation is
also hoped to play a role in these related issues.
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